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Contemporary Mathematics
Kostant-Lusztig A-bases of Multiparameter Quantum Groups
Naihuan Jing, Kailash C. Misra, and Hiroyuki Yamane
Abstract. We study the Kostant-Lusztig A-base of the multiparameter quan-
tum groups. To simplify calculations, especially for G2-type, we utilize the
duality of the pairing of the universal R-matrix.
1. Introduction
Quantum enveloping algebras Uq(g) [3, 13] of the Kac-Moody algebras g are
one of the important classes of quantum groups. Quantum enveloping algebras and
their integrable highest weight representations enjoy favorable properties, among
which the canonical bases of Lusztig [18] or global crystal bases of Kashiwara [15]
are the most prominent ones. Existence of such canonical bases has also been
established for quantum enveloping algebras Uq(g) of Borcherds’ generalized Kac-
Moody algebras g [14].
On the other hand, quantum enveloping algebras have been extended to Nichols
algebras of diagonal types, which include multiparameter quantum enveloping alge-
bras as examples, in particular, one-parameter quantum enveloping algebras Uq(g)
in Kac-Moody types. In [1] Andruskiuwitch and Schneider proved that finite dimen-
sional pointed Hopf algebras with finite abelian group (with order > 7) of group-like
elements are essentially Lusztig’s small quantum groups and their variants. Fur-
thermore, Heckenberger classified the Nicholas algebras with arithmetic root data
[7] and proved results similar to quantum enveloping algebras (see also [8]).
Lusztig [17] introduced the Kostant-Lusztig A-base of the quantum groups.
The A-base and the finite dimensional Hopf algbebra of the quantum group at root
of unity have been key figures in study of Lusztig conjectures, (see [12] for history).
In this paper we establish the Kostant-Lusztig A-forms for the multiparameter
quantum groups and construct invariant bases for each factor of the triangular de-
composition. Our general result is based on the structure theory for multiparameter
quantum groups and information on the lower rank cases, most notably the case
of G2. The recent work of Fan and Li [4] on two-parameter quantum algebras has
made us believe that one should be able to use our A-forms to construct canonical
bases for the multiparameter quantum groups.
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2. Generalized quantum groups
In this section we recall definitions and known results about multiparameter
quantum groups. We will use the following notations throughout this paper. The
ring of real numbers and integers will be denoted by R and Z respectively. For x,
y ∈ R, let Jx,y := {z ∈ Z|x ≤ z ≤ y} and Jx,∞ := {z ∈ Z|x ≤ z}. Then N = J1,∞
and Z≥0 := J0,∞. Let K be a field of characteristic zero and K
× := K \ {0}.
For x, y ∈ K and r ∈ Z≥0, we denote (r)x :=
∑r−1
k=0 x
k, (r)x! :=
∏r
k=1(k)x,
(r;x, y) := 1− xr−1y and (r;x, y)! :=∏rk=1(k;x, y).
2.1. Definition of generalized quantum groups. Let θ ∈ N and I := J1,θ.
Let V be a θ-dimensional R-linear space with a basis {vi|i ∈ I}. Let VZ := ⊕i∈IZvi,
so VZ is a rank-θ free Z-module (or a free abelian group). Let χ : VZ×VZ → K× be
a map such that χ(x + y, z) = χ(x, z)χ(y, z) and χ(x, y + z) = χ(x, y)χ(x, z) hold
for all x, y, z ∈ VZ. We call such χ a bi-character.
Definition 2.1. Let π : I → VZ be a map such that π(I) is a Z-base of VZ.
The generalized quantum group U = U(χ, π) is the unique associative K-algebra
(with 1) satisfying the following conditions (i)-(v).
(i) As a K-algebra, U(χ, π) is generated by Kλ, Lλ, (λ ∈ VZ), Ei, Fi (i ∈ I).
(ii) The following equations hold. Let qij := χ(π(i), π(j)).
K0 = 1, KλKµ = Kλ+µ,
L0 = 1, LλLµ = Lλ+µ, KλLµ = LµKλ,
Kπ(i)EjK
−1
π(i) = qijEj , Kπ(i)FjK
−1
π(i) = q
−1
ij Fj ,
Lπ(i)EjL
−1
π(i) = q
−1
ji Ej , Lπ(i)FjL
−1
π(i) = qjiFj ,
[Ei, Fj ] = δij(−Kπ(i) + Lπ(i))
(iii) There are subspaces Uλ (λ ∈ VZ) such that U = ⊕λ∈VZUλ, UλUµ ⊂ Uλ+µ,
K±1π(i) ∈ U0, L±1π(i) ∈ U0, Ei ∈ Uπ(i), Fi ∈ U−π(i)
(iv) Let U0 be the K-subalgebra of U generated by KλLµ (λ, µ ∈ VZ). Let U+
(resp. U−) be the K-subalgebra of U generated by Ei (resp. Fi) (i ∈ I). Then
the elements KλLµ (λ, µ ∈ VZ) form a K-basis of U0 and we have the K-linear
isomorphism m : U+ ⊗ U0 ⊗ U− → U defined by X ⊗ Y ⊗ Z 7→ XY Z.
(v) There exists no X ∈ U+ \ {K} (resp. Y ∈ U− \ {K}) such that [X,Fi] = 0
([Ei, Y ] = 0) for all i ∈ I.
Note that U0 ⊂ U0. For λ ∈ VZ, let U+λ := U+ ∩ Uλ and U−λ := U− ∩ Uλ. Let
V π,+
Z
:= ⊕i∈IZ≥0π(i). Then U+ = ⊕λ∈V π,+
Z
U+λ and U
− = ⊕λ∈V π,+
Z
U−−λ.
Lemma 2.2. Let U` be a K-algebra (with 1) generated by K`λ, L`λ, E`i and F`i
satisfying conditions (i)-(iv) above (in Definition 2.1). Then there exists a K-algebra
epimorphism ξ : U` → U such that ξ(K`λ) = Kλ, ξ(L`λ) = Lλ (λ ∈ VZ), ξ(E`i) = Ei,
ξ(F`i) = Fi (i ∈ I).
Proof. Let λ ∈ V π,+
Z
. Assume that there exists X ∈ U`+λ \ {0} such that
[X, F`i] = 0 for all i ∈ I. Let I (resp. I+) be the two-sided ideal of U` (resp. U`+)
generated by X . Then I = SpanK(U`−U`0I+). Let U` ′ be the quotient K-algebra
U`/I. Then U` ′ also satisfies the same conditions as Definition 2.1 (i)-(iv). Let
g : U` → U` ′ be the canonical map. Then g|U`− : U`− → (U` ′)− and g|U`0 : U`− → (U` ′)0
are the K-algebra isomorphisms. We see that dim(U` ′)+µ1 = dim U`
+
µ1
for µ1 ∈ V π,+Z
with µ1 − λ /∈ V π,+Z , that dim(U` ′)+λ = dim U`+λ − 1, and that dim(U` ′)+µ2 ≤ dim U`+µ2
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for µ2 ∈ V π,+Z with µ2 − λ ∈ V π,+Z . We also have a similar property for U`−. Then
we can see the claim of this theorem by a standard argument using a direct limit.
✷
By Lemma 2.2, we have the K-algebra automorphism Ωχ,π : U(χ, π)→ U(χ, π)
with
Ωχ,π(KλLµ) = K−λL−µ (λ, µ ∈ VZ),
Ωχ,π(Ei) = FiL−π(i), Ω
χ,π(Fi) = K−π(i)Ei (i ∈ I).
Define the bicharacter χop : VZ × VZ → K× by χop(x, y) := χ(y, x) (x, y ∈ VZ).
By Lemma 2.2, we have the K-algebra isomorphism Υχ
op,π : U(χop, π) → U(χ, π)
with
Υχ
op,π(KλLµ) = KµLλ, (λ, µ ∈ VZ),(2.1)
Υχ
op,π(Ei) = Fi, Υ
χop,π(Fi) = Ei (i ∈ I),(2.2)
which will be referred as the Chevalley involution. We also have the K-algebra
anti-automorphism Γχ
op,π : U(χop, π)→ U(χ, π) with
Γχ
op,π(KλLµ) = KµLλ, (λ, µ ∈ VZ), Γχ
op,π(Ei) = Ei, Γ
χop,π(Fi) = Fi (i ∈ I).
For U = U(χ, π), we have the following equations. See [5] for the notation(
m
r
)
qii
and
(
k
r
)
qii
.
Eki F
m
i =
∑min{k,m}
r=0 (r)qii !
(
m
r
)
qii
(
k
r
)
qii
q
r(−2k+r+1)
2
ii
·(∏r−1s=0(−Kπ(i) + q−m+k+sii Lπ(i)))Fm−ri Ek−ri ,
whence
[Ei, F
m
i ] = (m)qii (−Kπ(i) + q−m+1ii Lπ(i))Fm−1i ,
[Fi, E
m
i ] = (m)qii(−Lπ(i) + q−m+1ii Kπ(i))Em−1i .
For m ∈ Z≥0 and i, j ∈ I with i 6= j, define Em,i,j , E∨m,i,j ∈ U+π(j)+mπ(i), Fm,i,j
Fm,i,j ∈ U−−π(j)−mπ(i) inductively by E0,i,j := E∨0,i,j := Ej , F0,i,j := E∨0,i,j := Fj ,
and
(2.3)
Em+1,i,j := EiEm,i,j − qmii qijEm,i,jEi, E∨m+1,i,j := E∨m,i,jEi − qmii qjiEiE∨m,i,j ,
Fm+1,i,j := FiFm,i,j − qmii qjiFm,i,jFi, F∨m+1,i,j := F∨m,i,jFi − qmii qijFiF∨m,i,j .
We have
(2.4)
Υχ
op,π(Em,i,j) = Fm,i,j , Υ
χop,π(Fm,i,j) = Em,i,j ,
Υχ
op,π(E∨m,i,j) = F
∨
m,i,j , Υ
χop,π(F∨m,i,j) = E
∨
m,i,j .
We have
(2.5)
[Ei, Fm,i,j ] = −(m)qii(m; qii, qijqji)Kπ(i)Fm−1,i,j ,
[Fi, Em,i,j ] = −(m)qii(m; qii, qijqji)Lπ(i)Em−1,i,j ,
[Ej , Fm,i,j ] = (m; qii, qijqji)!F
m
i Lπ(j),
[Fj , Em,i,j ] = (m; qii, qijqji)!E
m
i Kπ(j),
[Em,i,j , Fm,i,j ] = (m)qii !(m; qii, qijqji)!(−Kπ(j)+mπ(i) + Lπ(j)+mπ(i)),
[Em,i,j , Fm′,i,k] = 0 (m
′ ∈ Z≥0, k ∈ I \ {i, j}).
We have
(2.6)
Ωχ,π(Er,i,j) = q
− r(r−1)2
ii q
−r
ji Fr,i,jL−π(j)−rπ(i),
Ωχ,π(E∨r,i,j) = q
− r(r−1)2
ii q
−r
ij F
∨
r,i,jL−π(j)−rπ(i),
Ωχ,π(Fr,i,j) = q
r(r−1)
2
ii q
r
jiK−π(j)−rπ(i)Er,i,j ,
Ωχ,π(F∨r,i,j) = q
r(r−1)
2
ii q
r
ijK−π(j)−rπ(i)E
∨
r,i,j .
4 N. JING, K.C. MISRA, AND H. YAMANE
We have
(2.7)
Γχ
op,πΓχ,π = idU(χ,π), Γ
χ,πΓχ
op,π = idU(χop,π),
Γχ
op,π(Er,i,j) = E
∨
r,i,j , Γ
χop,π(Fr,i,j) = F
∨
r,i,j .
2.2. Kharchenko’s Poincare´-Birkohoff-Witt theorem and Heckenberger’s
Lusztig isomorphisms. We recall the following theorem by Kharchenko. We also
introduce some notations.
Theorem 2.3. ([16]) Let χ be a bicharacter and U = U(χ, π) be the generalized
quantum group. Then there exists a unique pair (Rπ,+χ , ϕ
π,+
χ ) of a subset R
π,+
χ of
V π,+
Z
and a map ϕπ,+χ : R
π,+
χ → N satisfying the following:
Let X := {(α, t) ∈ Rπ,+χ × N|t ∈ J1,ϕπ,+χ (α)}. Define the map z : X → Rπ,+χ by
z(α, t) := α. Let Y be the set of maps y : X → Z≥0 such that |{x ∈ X |y(x) ≥ 1}| <
∞ and (y(x))χ(z(x),z(x))! 6= 0 for all x ∈ X. Then
(∗) ∀λ ∈ V π,+
Z
, dimU+λ = |{y ∈ Y |
∑
x∈X y(x)z(x) = λ}|.
Moreover, letting qi′j′ := χ(π(i
′), π(j′)) (i′, j′ ∈ I), for i, j ∈ I with i 6= j, we
have
(2.8) {t ∈ Z≥0|π(j) + tπ(i) ∈ Rπ,+χ } = {t ∈ Z≥0|(t)qii !(t; qii, qijqji)! 6= 0}.
Let Rπχ := R
π,+
χ ∪ (−Rπ,+χ ). Define the map ϕπχ : Rπχ → N by ϕπχ(−α) :=
ϕπχ(α) := ϕ
π,+
χ (α) (α ∈ Rπ,+χ ). We say that χ is (π, i)-good if it satisfies the condition
that for every j ∈ I \{i}, there exists Nχ,πij ∈ Z≥0 such that π(j)+Nχ,πij π(i) ∈ Rπ,+χ
and π(j) + (Nχ,πij + 1)π(i) /∈ Rπ,+χ . Let Nχ,πii := −2.
Let i ∈ I and χ be a (π, i)-good bicharacter. Define the map τχi π : I → VZ
by τχi π(j) := π(j) + N
χ,π
ij π(i) (j ∈ I). By (2.8), we see that τχi π is a (π, i)-good
bicharacter, and
(2.9) N
χ,τχ
i
π
ij = N
χ,π
ij (j ∈ I),
whence (τχi )
2π = π.
Theorem 2.4. ([5]) Let a : I → K× be a map. Let i ∈ I. Let χ be a (π, i)-good
bicharacter. Then there exists a K-algebra isomorphism T
χ,τχ
i
π,a
i : U(χ, τ
χ
i π) →
U(χ, π) such that
(2.10)
Ti(Kλ) = Kλ, Ti(Lλ) = Lλ (λ ∈ VZ),
Ti(Ei) = a(i)FiL−π(i), Ti(Fi) =
1
a(i)K−π(i)Ei,
Ti(Ej) = a(j)ENχ,π
ij
,i,j (j ∈ I \ {i})
Ti(Fj) =
1
a(j)(Nχ,π
ij
)qii !(N
χ,π
ij
;qii,qijqji)!
FNχ,π
ij
,i,j (j ∈ I \ {i}),
where Ti := T
χ,τ
χ
i
π,a
i and qi′j′ := χ(π(i
′), π(j′)) (i′, j′ ∈ I). Moreover we have
(2.11) R
τχ
i
π
χ = R
π
χ, R
τχ
i
π,+
χ = (R
π,+
χ \ {π(i)}) ∪ {−π(i)}, ϕπχ = ϕτ
χ
i
π
χ .
Let i, j ∈ I be such that i 6= j. Let χ be a (π, i)-good and (π, j)-good bichar-
acters. We say that χ is a (π, i, j)-good bicharacter if τχi1 · · · τ
χ
im
π can be defined for
all m ∈ N and all it ∈ {i, j} (t ∈ J1,m).
(2.12) Let mχ,πij := |Rπ,+χ ∩ (Zπ(i) ⊕ Zπ(j))|(∈ J2,∞ ∪ {∞}).
By (2.11), using the same argument as that for [6, Lemma 4], we have the
following result.
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Lemma 2.5. Let χ be a (π, i, j)-good bicharacter. Let X := Zπ(i)⊕ Zπ(j). Let
m := mχ,πij . Let i2y−1 := i, i2y := j (y ∈ N). Let πt := τχitτ
χ
it−1
· · · τχi1π (t ∈ N).
Then for k ∈ J1,m, we have
|Rπ,+χ ∩ (−Rπk,+χ )| = |Rπ,+χ ∩ (−Rπk,+χ ) ∩X | = k.
Moreover if m <∞, we have
πm = τ
χ
im+1
τχim · · · τ
χ
i2
π,
and
Rπ,+χ ∩X = {π(i1) = i, π1(i2), . . . , πm−2(im−1), πm−1(im) = j}.
Furthermore |{πt(it+1)|t ∈ N}| =∞ if m =∞.
Let χ be a (π, i, j)-good bicharacter. We say that χ is a (π, i, j)-good finite
bicharacter if m in Lemma 2.5 is finite.
Theorem 2.6. ([5]) Let i, j ∈ I, i 6= j and χ be a (π, i, j)-good finite bicharacter
with m := mχ,πij < ∞. For t ∈ N, let π′t := τχit+1τ
χ
it
· · · τχi2π (ik = i (resp. j) if k
is odd (resp. even)), at, a
′
t : I → K× be maps, T˙(t) := T χ,π1,a1i1 · · ·T
χ,πt,at
it
and
T¨(t) := T
χ,π′1,a
′
1
i2
· · ·T χ,π′t,a′tit+1 . Then there exists a map b : I → K× such that
T˙(m)(Ek) = b(k)T¨(m)(Ek), T˙(m)(Fk) =
1
b(k)
T¨(m)(Fk) (k ∈ I).
Moreover there exists z ∈ K× such that
T˙(m−1)(Eim) = zEj , T˙(m−1)(Fim) = z
−1Fj .
2.3. Strict Heckenberger’s Lusztig isomorphisms.
Lemma 2.7. Let i, j ∈ I, i 6= j and χ be a (π, i, j)-good finite bicharacter with
m := mχ,πij < ∞. Also b : I → K× be the map and z ∈ K× in Theorem 2.6. Then
the following statements hold.
(1) If Ωχ,πT˙(m) = T˙(m)Ω
χ,πm , then b(k) ∈ {1,−1} for all k ∈ I.
(2) If Ωχ,πT˙(m−1) = T˙(m−1)Ω
χ,πm−1 , then z ∈ {1,−1}.
Proof. (1) Let k ∈ I. We have
(2.13)
Fk = b(k)T¨
−1
(m)T˙(m)(Fk) = b(k)T¨
−1
(m)T˙(m)Ω
χ,πm(EkLπ(k))
= b(k)Ωχ,πT¨−1(m)T˙(m)(EkLπ(k)) = b(k)
2Ωχ,π(EkLπ(k)) = b(k)
2Fk,
whence b(k)2 = 1, so b(k) ∈ {1,−1}.
(2) This can be proved similarly to (1). ✷.
Lemma 2.8. Let a : I → K× be a map. Let i ∈ I and χ be a (π, i)-good
bicharacter. Then
Ωχ,πT
χ,τχ
i
π,a
i = T
χ,τχ
i
π,a
i Ω
χ,τχ
i
π
if and only if
(2.14) a(i)2 = 1 and a(j)2 =
q
N
χ,π
ij
(N
χ,π
ij
−1)
2
ii q
Nχ,π
ij
ji
(Nχ,πij )qii !(N
χ,π
ij ; qii, qijqji)!
(j ∈ I \ {i}).
Proof. The claim follows from Theorem 2.4 and (2.6) ✷
Lemma 2.9. Let G be the K-algebra (with 1) defined with the generators X,
Y , Z and the relations [Z,X ] = 2X, [Z, Y ] = −2Y , [X,Y ] = Z. (Namely G is
isomorphic to the universal enveloping algebra of sl2(K).) Let k ∈ Z≥0. Let Γ
be the (k + 1)-dimensional left G-module with the K-basis {γr|r ∈ J0,k} such that
Zγr := (k− 2x)γr, Y γr := γr+1, Xγr := x(k− r+1)γr−1, where γ−1 := γk+1 := 0.
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Let a ∈ K×. Define ξ ∈ EndK(Γ) by ξ(v) := exp(aX) exp(−a−1Y ) exp(aX) · v
(v ∈ Γ). Then
ξ(Y rγ0) =
(−1)k−ra2r−kr!
(k − r)! Y
k−rγ0, ξ(X
rγk) =
(−1)rak−2rr!
(k − r)! X
k−rγk.
Proof. Let Γ¯, γ¯y (y ∈ J0,1), ξ¯ be Γ, γy, ξ respectively for k = 1. Then
ξ¯(γ¯0) = (−a−1)γ¯1 and ξ¯(γ¯1) = aγ¯0. Regard Γ¯⊗k as the (k-fold tensor) G-module in
a standard way. Let g :M → M¯⊗k be the G-module monomorphism g :M → Γ¯⊗k
such that g(γ0) = γ¯
⊗k
0 . Then
g(γx) = g(Y
xγ0) = Y
x · g(γ0) = r!
∑
|{x∈J1,k|ix=1}|=x
γ¯i1 ⊗ · · · ⊗ γ¯i1 .
Note g(ξ(v)) = ξ¯⊗k(g(v)) (v ∈ Γ). Then
g(ξ(γr)) = g(t(Y
rγ0)) = ξ¯
⊗k(g(Y rγ0))
= (−a
−1)k−rarr!
(k−r)! g(Y
k−rγ0) = g(
(−1)k−ra2r−kr!
(k−r)! γk−r).
Thus we can see the claim. ✷
Lemma 2.10. Let a11 := a22 := 2(∈ K). Let a12, a21 ∈ K be such that
(a12, a21) ∈ {(0, 0), (−1,−1), (−2,−1), (−3,−1)}. Let m ∈ Z≥0 be 2 (resp. 3,
resp. 4, resp. 6) if a12 is 0 (resp. −1, resp. −2, resp. −3). Let i2x−1 := 1, i2x := 2
(x ∈ N). Let G be a K-algebra (with 1) satisfying the following conditions (i) and
(ii).
(i) There exist Xi, Yi, Zi ∈ G (i ∈ J1,2) such that
[Z1, Z2] = 0, [Zi, Xj ] = aijXj, [Zi, Yj ] = −aijYj , [Xi, Yj ] = δijZi,
(adXi′)
1−ai′j′ (Xj′ ) = (adYi′ )
1−ai′j′ (Yj′ ) = 0 (i
′ 6= j′).
(ii) For ℜ ∈ G and ℑ ∈ {Xi, Yi|i ∈ J1,2}, there exists r ∈ N such that (adℑ)r(ℜ) = 0.
For i ∈ J1,2, let bi ∈ K× (i ∈ J1,2), and define the K-algebra automorphism ξi
by ξi(ℜ) := exp(biadXi) exp(−b−1i adYi) exp(biadXi)(ℜ) (ℜ ∈ G). Then we have
(2.15)
ξi(Xi) = −b2iYi, ξi(Yi) = −b−2i Xi,
ξi(Xj) =
b
−aij
i
(−aij)!
(adXi)
−aij (Xj), ξi(Yj) =
(−bi)
aij
(−aij)!
(adYi)
−aij (Yj) (i 6= j),
(2.16)
ξitξit+1 · · · ξit+m−2(Xit+m−1) = Xit−1 ,
ξitξit+1 · · · ξit+m−2(Yit+m−1 ) = Yit−1
(t ∈ Z),
and
(2.17) ξi1ξi2 · · · ξim = ξi2ξi3 · · · ξim+1 .
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Proof. We can see (2.15) by Lemma 2.9. As for (2.16), for example, if a12 = −3,
by Lemma 2.9, we have
ξ1ξ2ξ1ξ2ξ1(X2)
= ξ1ξ2ξ1ξ2(
b31
3! [X1, [X1, [X1, X2]]])
= − b313! ξ1ξ2ξ1ξ2([X1, [X1, [X2, X1]]])
= − b313! ξ1ξ2ξ1([b2[X2, X1], [b2[X2, X1], (−1)b−12 X1]])
= − b31b23! ξ1ξ2([(−1) b12! [X1, [X1, X2]], 2!b1 [X1, X2]])
=
b31b2
3! ξ1ξ2([[X1, [X2, X1]], [X2, X1]])
=
b31b2
3! ξ1([[b2[X2, X1], (−1)b−12 X1], (−1)b−12 X1])
= − b313! ξ1([X1, [X1, [X1, X2]]])
= (−1) b313! · (−1) 3!b31X2
= X2.
Now we show (2.17). Let ξ′ := ξi1ξi2 · · · ξim−1 . By (2.16), for ℜ ∈ G, we see
ξ′ξim (ξ
′)−1(ℜ)
= exp(biadξ
′(Xim)) exp(−b−1i adξ′(Yim)) exp(biadξ′(Xim))(ℜ)
= ξi2(ℜ).
This completes the proof. ✷
Definition 2.11. Let χ : VZ × VZ → K× be a bi-character, π : I → VZ be
a map such that π(I) is a Z-base of VZ and qij := χ(π(i), π(j)) for all i, j ∈ I.
Let A = [aij ]ij∈I be a symmetrizable generalized Cartan matrix. Let di ∈ N be
such that diaij = djaji. (i, j ∈ I). Let q˙ ∈ K× be such that q˙r 6= 1 for all
r ∈ N. Let √χ : VZ × VZ → K× be a bicharacter and q˙ij := √χ(π(i), π(j)) (i,
j ∈ I). Assume that q˙ii = q˙2di (i ∈ I), q˙ij q˙ji = q˙2diaij (i, j ∈ I), qij := q˙2ij for
all i, j ∈ I. Also assume that for every k ∈ I, there exists Θ(qkk − 1) ∈ K×
such that Θ(qkk − 1)2 = qkk − 1. Then we say that such χ is a (π,A)-admissible
bicharacter. If A is the Cartan matrix of a finite-dimensional complex Lie algebra
(i.e., A is a symmetrizable generalized Cartan matrix of finite-type), we call U(χ, π)
a finite-type multiparameter quantum group.
For a (π,A)-admissible bicharacter χ, U(χ, π) is presented by the generators
given by Definition 2.1 (i) and the relations composed of those of Definition 2.1 (ii)
and E1−aij ,i,j = F1−aij ,i,j = 0 (i, j ∈ I, i 6= j), which is well-known and can be
proved by a standard argument along with Theorem 3.1 below.
Lemma 2.12. Let χ be a (π,A = [aij ]ij∈I)-admissible bicharacter.
(1) Then χ is (π, i)-good bi-character for every i ∈ I and Nχ,πij = −aij for all
i, j ∈ I.
(2) For i ∈ I let q¨jk := √χ(τχi π(j), τχi π(k)) (j, k ∈ I). Then we have
q¨jj = q˙jj (j ∈ I), q¨jk q¨kj = q˙jk q˙kj (j, k ∈ I).
In particular, χ is (τχi π,A)-admissible.
(3) For i, j ∈ I with i 6= j, χ is (π, i, j)-finite if and only if aijaji ∈ J0,3. Moreover
(2.18) mχ,πij =


2 if aijaji = 0,
3 if aijaji = 1,
4 if aijaji = 2,
6 if aijaji = 3.
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Proof. Claim (1) follows from (2.8). Claim (2) can be proved directly. Claim (3)
follows from Claims (1) and (2) and Lemma 2.5. ✷
Let χ be a (π,A = [aij ]ij∈I)-admissible bicharacter. Let q˙jk be as in Defini-
tion 2.11. Define the map ̟ : I → K× by
̟(j) =
{
1 (j = i),
q˙
aij
ij
(−aij)qii !Θ(qii−1)
−aij
(j ∈ I \ {i}).
Let
T
χ,τχ
i
π
i := T
χ,τχ
i
π,̟
i .
We see directly that ̟ satisfies (2.14). As for (2.10), letting Ti := T
χ,τχ
i
π
i , we have
Ti(KλLµ) = KλLµ (λ, µ ∈ VZ), Ti(Ei) = FiL−π(i), Ti(Fi) = K−π(i)Ei,
Ti(E
∨
r,i,j) =
(r)qii !q˙
aij+2r
ij
Θ(qii−1)
aij+2r
(−aij−r)qii !
E−aij−r,i,j ,
Ti(F
∨
r,i,j) =
(r)qii !q˙
(aij+2r)(aij−1)
ii
q˙
−aij−2r
ij
Θ(qii−1)
aij+2r
(−aij−r)qii !
F−aij−r,i,j
(j ∈ I \ {i}, r ∈ J0,−aij ).
We also have
(2.19) (T χ,πi )
−1 = Γχ
op,πT
χop,τχ
i
π
i Γ
χ,τχ
i
π.
For i ∈ I, define the K-algebra automorphism ζχ,πi : U(χ, π)→ U(χ, π) by
ζχ,πi (KλLµ) := KλLµ (λ, µ ∈ VZ),
ζχ,πi (Ej) :=
1
q˙ij q˙ji
Ej , ζ
χ,π
i (Fj) := q˙ij q˙jiFj (j ∈ I).
Then we have
T
χ,τχ
i
π
i Υ
χop,τχ
i
π = ζχ,πi Υ
χop,πT
χop,τχ
i
π
i (i ∈ I).
For i ∈ I, let
E¯i :=
Ei
Θ(qii − 1) , F¯i := −
Fi
Θ(qii − 1) , H¯i :=
Kπ(i) − Lπ(i)
qii − 1 .
Note that
[E¯i, F¯i] = δijH¯i,
and
H¯iE¯j = qijE¯jH¯i + q
−1
ij
qijqji − 1
qii − 1 E¯jLπ(i).
Let O be the Q-subalgebra of K generated by q˙±1ij ,
1
(−aij)qii !
for all i, j ∈ I. Let
UO (resp. U
0
O
, resp. U+
O
, resp. U−
O
) be the O-subalgebra (with 1) of U = U(χ, π)
(resp. U0, resp. U+, resp. U−) generated by K±1
π(i), L
±1
π(i), H¯i, E¯i, F¯i (resp. K
±1
π(i),
L±1π(i), H¯i, resp. E¯i, resp. F¯i) for all i ∈ I. We can see UO = U−O ⊗O U0O ⊗O U+O . We
also see that the elements ∏
i∈I
K
x(i)
π(i)(Kπ(i)Lπ(i))
y(i)H¯
z(i)
i
(x(i) ∈ {0, 1}, z(i) ∈ Z≥0, y(i) ∈ Z) form O-basis of U0O.
Theorem 2.13. Let i, j ∈ I, i 6= j and χ be a (π, i, j)-good finite bicharacter
with m := mχ,πij < ∞. Assume that χ is (π,A)-admissible. Let b : I → K× and
z ∈ K× be as in Theorem 2.6. Assume that T χ,πt,atit = T
χ,πt
it
and T
χ,π′t,a
′
t
it+1
= T
χ,π′t
it+1
(t ∈ N). Then we have
(2.20) b(k) = 1 (k ∈ I) and z = 1.
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Proof. We divide the proof into steps.
Step 1. Assume that q˙ is transcendental over Q and that q˙j′i′ = 1 for all i
′,
j′ ∈ I with i′ < j′. Then O is the Q-subalgebra of K generated by q˙±1, 1(−ai′j′ )qi′i′ !
for all i′, j′ ∈ I with i′ 6= j′. So O is a principal integral domain.
Consider the Q-algebra (UO)1 := UO/(q˙ − 1)UO. Let f : UO → (UO)1 be the
canonical map. Note that for k ∈ I, we have f(Lπ(k)) = f(Kπ(k)), and we see that
f(Kπ(k)) is a central element of (UO)1. So we can consider the quotient Q-algebra
(UO)1/(f(Kπ(k))− 1). By Lemmas 2.7, 2.8 and 2.10, we have (2.20).
Step 2. Let U ′ denote the U of Step 1, and let q¨ denote q˙ for U ′. Then q¨ is
transcendental over Q. Assume that that q˙j′i′ = 1 for all i
′, j′ ∈ I with i′ < j′. We
use a specialization argument with q¨ → q˙; this q˙ is the one for U of this step. We
can obtain (2.20) from Step 1 by considering the O-subalgebra of U ′ generating by
K±1π(t), L
±1
π(t), Et, Ft (t ∈ I) and using Lemma 2.2.
Step 3. General cases. Repeat the same arguments as in Step 2. ✷
2.4. Drinfeld pairing. Let U = U(χ, π) be the generalized quantum group.
We regard U = U(χ, π) as a Hopf algebra (U,∆, S, ε) with ∆(Kλ) = Kλ ⊗ Kλ,
∆(Lλ) = Lλ ⊗ Lλ, ∆(Ei) = Ei ⊗ 1 + Kπ(i) ⊗ Ei, ∆(Fi) = Fi ⊗ Lπ(i) + 1 ⊗ Fi,
S(Kλ) = K−λ, S(Lλ) = L−λ, S(Ei) = −K−π(i)Ei, S(Fi) = −FiL−π(i), ε(Kλ) =
ε(Lλ) = 1, and ε(Ei) = ε(Ei) = 0.
For i, j ∈ I with i 6= j and r ∈ Z≥0, if Er,i,j 6= 0, we have
∆(Er,i,j) = Er,i,j ⊗ 1 +
r∑
k=0
(r)qii !(k; qii, q
r−k
ii qijqji)!
(k)qii !(r − k)qii !
Eki K(r−k)π(i)+π(j) ⊗ Er−k,i,j .
Let U+,♭ = U+,♭(χ, π) := ⊕λ∈VZU+Kλ, and U−,♭ = U−,♭(χ, π) := ⊕λ∈VZU−Lλ.
Then U = SpanK(U
−,♭U+,♭) = SpanK(U
+,♭U−,♭) and in a standard way (see [3]),
we have a bilinear form ϑ = ϑχ,π : U+,♭ × U−,♭ → K with the following properties:
(2.21)
ϑ(Kλ, Lµ) = χ(λ, µ), ϑ(Ei, Fj) = δij , ϑ(Kλ, Fj) = ϑ(Ei, Lλ) = 0,
ϑ(X+Y +, X−) =
∑
k− ϑ(X
+, (X−)
(2)
k−
)ϑ(Y +, (X−)
(1)
k−
),
ϑ(X+, X−Y −) =
∑
k+ ϑ((X
+)
(1)
k+ , X
−)ϑ((X+)
(2)
k+ , Y
−),
ϑ(S(X+), X−) = ϑ(X+, S−1(X−)),
ϑ(X+, 1) = ε(X+), ϑ(1, X−) = ε(X−),
X−X+ =
∑
r+,r− ϑ((X
+)
′,(1)
r+
, S((X−)
′,(1)
r−
))ϑ((X+)
′,(3)
r+
, (X−)
′,(3)
r−
)
·(X+)′,(2)
r+
(X−)
′,(2)
r−
,
X+X− =
∑
r+,r− ϑ((X
+)
′,(3)
r+
, S((X−)
′,(3)
r−
))ϑ((X+)
′,(1)
r+
, (X−)
′,(1)
r−
)
·(X−)′,(2)
r−
(X+)
′,(2)
r+
for λ, µ ∈ VZ, i, j ∈ I, and X+, Y + ∈ U+,♭, X−, Y − ∈ U−,♭, where (X+)(x)k+ and
(X−)
(x)
k−
with x ∈ J1,2 (resp. (X+)′,(y)r+ and (X−)
′,(y)
r−
with y ∈ J1,3) are any elements
of U+,♭ and U−,♭ respectively satisfying ∆(X±) =
∑
k±(X
±)
(1)
k±
⊗ (X±)(2)
k±
, (resp.
((idU ⊗∆) ◦∆)(X±) =
∑
r±(X
±)
′,(1)
r±
⊗ (X±)′,(2)
r±
⊗ (X±)′,(3)
r±
).
We have
ϑχ,π(X+Kλ, X
−Lµ) = ϑ
χ,π(X+, X−)χ(λ, µ)
(X+ ∈ U+, X− ∈ U−, λ, µ ∈ VZ).
It follows that ϑχ,π|U+×U− is non-degenerate. We have ϑ
χ,π(X+, X−) = 0 for λ, µ ∈
V π,+
Z
with λ 6= µ and X+ ∈ U+λ , X− ∈ U−−µ.
3. Kostant-Lusztig A-form
In this section we establish the Kostant-Lusztig A-forms for the finite-type
multiparameter quantum group U = U(χ, π) (see Definitions 2.1 and 2.11) and
construct invariant bases for each factor of the triangular decomposition. Let A =
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[aij ]ij∈I be a Cartan matrix associated with a finite dimensional complex simple
Lie algebra, i.e., A is a symmetrizable generalized Cartan matrix of finite-type. We
assume that χ is a (π,A)-admissible bicharacter (see Definition 2.11). Recall the
symbols qij , q˙ij and Θ(qii − 1). Let W be the Weyl group associated to the Cartan
matrix A and generated by the simple reflections si (i ∈ I) with relations s2i = e
(i ∈ I) and (sisj)m
χ,π
ij = e, (e is the identity element of W ). Note that W is the
finite Weyl group.
3.1. Some standard notations and results. Define the map ℓ : W → Z≥0
by ℓ(e) := 0 and ℓ(w) := min{r ∈ N|∃it ∈ I (t ∈ J1,r), w = si1 · · · sir}. In fact ℓ is
the length map of the Coxeter system (W, {si|i ∈ I}). It is well-known that
|ℓ(wsi)− ℓ(w)| = 1 for w ∈W and i ∈ I.
Let W act on VZ by si · π(j) := π(j) − aijπ(j) (i, j ∈ I). Use the convention as
follows
Let si1 · · · sit (resp. τχit−1 · · · τ
χ
i1
π) mean e (resp. π) if t = 0.
We have
si1 · · · sit−1 · π(it) = τχit−1 · · · τ
χ
i1
π(it) (t ∈ N, ix ∈ I (x ∈ J1,t)).
For w = sk1 . . . skr ∈ W , if r = ℓ(w), the expression sk1 . . . skℓ(w) is called
reduced. For w = sk1 . . . skℓ(w) ∈W , let
idχ,πTw := T
χ,π1
k1
· · ·T χ,πℓ(w)kℓ(w) (id
χ,πTe := idU(χ,π)),
where πt := τ
χ
kt
· · · τχk1π (t ∈ J1,ℓ(w)). By Theorem 2.13, idχ,πTw is independent of
the choice of reduced expressions for w.
It is well-known that there exists a unique w◦ ∈ W such that ℓ(w) ≤ ℓ(w◦) for
all w ∈W ; w◦ is called the longest element. We also know that ℓ(w◦) = |Rπ,+χ | and
(3.1) ∀w ∈W, ℓ(w◦) = ℓ(w) + ℓ(w−1w◦).
Let n = (n1, . . . , nℓ(w◦)) ∈ Iℓ(w◦) be such that sn1 · · · snℓ(w◦) = w◦ (reduced
expression of w◦). For t ∈ J1,ℓ(w◦), let βn;t := sn1 · · · snt−1 · π(nt). By (2.11) and
Lemma 2.12, we have (see [10, 1.7])
Rπ,+χ = {βn;t|t ∈ J1,ℓ(w◦)}.
Thus Rπχ can be identified with the root system of W . For t ∈ J1,ℓ(w◦), let
En;t := id
χ,πTsn1 ...snt−1 (Ent), Fn;t := id
χ,πTsn1 ...snt−1 (Fnt),
E¯n;t := id
χ,πTsn1 ...snt−1 (E¯nt), F¯n;t := id
χ,πTsn1 ...snt−1 (F¯nt),
(En;1 := En1 , Fn;1 := Fn1 , E¯n;1 := E¯n1 , F¯n;1 := F¯n1), that is,
E¯n;t =
En;t
Θ(qntnt − 1)
=
En;t
Θ(χ(βn;t, βn;t)− 1) .
Let n0 ∈ I be such that sn0w◦snℓ(w◦) = w◦. By Theorem 2.13, using a standard
argument (see [11, Proposition 8.20]), we have
(3.2) En;ℓ(w◦) = En0 , Fn;ℓ(w◦) = Fn0 , E¯n;ℓ(w◦) = E¯n0 , F¯n;ℓ(w◦) = F¯n0 .
The following result can be proved by a standard argument (see [2], [9] for
example).
Theorem 3.1. Let k := ℓ(w◦), J := J1,k and βt := sn1 · · · snt−1 · π(nt) (t ∈ J).
(1) Let σ : J → J be a bijection. Then the elements
Ex1
n;σ(1) · · ·Exkn;σ(k) (xt ∈ Z≥0 (t ∈ J)))
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form a K-basis of U+.
(2) Let y, z ∈ J be such that y < z. Let X be a K-subalgebra of U generated by the
elements En;x (x ∈ Jy+1,z−1). Then
(3.3) En;yEn;z − χ(βy, βz)En;zEn;y ∈ X.
(3) We have
ϑχ,π(Exkn;k · · ·Ex1n;1, F ykn;k · · ·F y1n;1) =
k∏
t=1
δxt,yt(xt)χ(βt,βt)!,
where xt, yt ∈ Z≥0 (t ∈ J).
3.2. Type G2. In this subsection we assume θ = 2 (so I = J1,2), and A =
[aij ]ij∈I is the Cartan matrix of type G2. So a12 = −3 and a21 = −1. Consider
the generalized quantum group U = U(χ, π). Let qij be as in Definition 2.1 and χ
be a (π,A)-admissible bicharacter. Let q := q11 and a := q12. Then q22 = q
3 and
q21 = q
−3a−1. Since E4,1,2 = E2,2,1 = 0, we have
E41E2 − (1 + q)(1 + q2)aE31E2E1 + q(1 + q2)(1 + q + q2)a2E21E2E21
−q3(1 + q)(1 + q2)a3E21E2E21 + q6a4E2E41 = 0,
E21E2 − (1 + q)(1 − q + q2)aE2E1E2 + q3a2E22E1 = 0.
Let
K1; = Kπ(1), K2; = Kπ(2), E12 := E1,1,2, E112 := E2,1,2,
E1112 := E3,1,2, E11212 := E112E12 − aq2E12E112.
Then we have
E12E2 = aq
3E2E12, E1112E2 = a
3q6E2E1112 + a
2q3(q2 − 1)(q − 1)E312,
E112E2 = a
2q3E2E112 + aq(q
2 − 1)E212,
E1112E2 = a
3q3E2E1112 + aq(q
2 − q − 1)E11212 + a2q2(q3 − 1)E12E112,
E1E2 = aE2E1 + E12, E11212E12 = aq
3E12E11212,
E112E12 = aq
2E12E112 + E11212, E1112E12 = a
2q3E12E1112 +
aq(q3−1)
q+1 E
2
112,
E1E12 = aqE12E1 + E112, E112E11212 = aq
3E112E11212,
E1112E11212 = a
3q6E11212E1112 +
a2q3(q3−1)(q−1)
q+1 E
3
112,
E1E11212 = a
2q3E11212E1 +
aq(q3−1)
q+1 E
2
112, E1112E112 = aq
3E112E1112,
E1E112 = aq
2E112E1 + E1112, E1E1112 = aq
3E1112E1.
We have
∆(E12) = E12 ⊗ 1 + (1 − q−3)E1K2 ⊗ E2 +K1K2 ⊗ E12,
∆(E112) = E112 ⊗ 1 + (1 − q−3)(1− q−2)E31K2 ⊗ E2
+(1− q−2)(1 + q)E1K1K2 ⊗ E12 +K21K2 ⊗ E112,
∆(E1112) = E1112 ⊗ 1 + (1− q−3)(1 − q−2)(1− q−1)E31K2 ⊗ E2
+(q2 − 1)(1− q−3)E21K1K2 ⊗ E12,
+q−1(q3 − 1)E1K21K2 ⊗ E112 +K31K2 ⊗ E1112,
and
∆(E11212) = E11212 ⊗ 1 + (q
3−1)2
q4
E112E1K2 ⊗ E2 + (q
3−1)(q2−q−1)
aq5
E1112K2 ⊗ E2
+ q
3−1
q
E112K1K2 ⊗ E12 + (q
3−1)2(q2−1)(q−1)
aq12
E31K
2
1 ⊗ E22
+ (q
3−1)2(q2−1)
q6
E21K1K2 ⊗ E2E12 + (q
3−1)(q2−1)
q3
E1K
2
1K
2
2 ⊗ E212
+K31K
2
2 ⊗ E11212.
Let
Eˆ1 := E1, Eˆ2 := E2, Eˆ12 :=
q3
q3−1E12, Eˆ112 :=
q5
(q3−1)(q2−1)E112,
Eˆ1112 :=
q6
(q3−1)(q2−1)(q−1)E1112, Eˆ11212 :=
q9
(q3−1)2(q2−1)(q−1)E11212.
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Then we have
Eˆ1112Eˆ2 = a
3q6Eˆ2Eˆ1112 + a
2q3(q3 − 1)Eˆ312, Eˆ112Eˆ2 = a2q3Eˆ2Eˆ112 + a(q3 − 1)Eˆ212,
Eˆ1112Eˆ2 = a
3q3Eˆ2Eˆ1112 + aq
−2(q2 − q − 1)(q3 − 1)Eˆ11212
+a2(q3 − 1)(q2 + q + 1)Eˆ12Eˆ112,
Eˆ1Eˆ2 = aEˆ2Eˆ1 + q
−3(q3 − 1)Eˆ12, Eˆ112Eˆ12 = aq2Eˆ12Eˆ112 + q−1(q − 1)Eˆ11212,
Eˆ1112E12 = a
2q3Eˆ12Eˆ1112 + a(q
3 − 1)Eˆ2112, Eˆ1E12 = aqEˆ12Eˆ1 + q−2(q2 − 1)Eˆ112,
Eˆ1112Eˆ11212 = a
3q6Eˆ11212Eˆ1112 + a
2q3(q3 − 1)Eˆ3112,
Eˆ1Eˆ11212 = a
2q3Eˆ11212Eˆ1 + a(q
3 − 1)Eˆ2112, Eˆ1Eˆ112 = aq2Eˆ112Eˆ1 + q−1(q − 1)Eˆ1112.
and
∆(Eˆ12) = Eˆ12 ⊗ 1 + Eˆ1K2 ⊗ Eˆ2 +K1K2 ⊗ Eˆ12,
∆(Eˆ112) = Eˆ112 ⊗ 1 + Eˆ31K2 ⊗ Eˆ2 + (q + 1)Eˆ1K1K2 ⊗ Eˆ12 +K21K2 ⊗ E112,
∆(Eˆ1112) = Eˆ1112 ⊗ 1 + Eˆ31K2 ⊗ Eˆ2 + (q2 + q + 1)Eˆ21K1K2 ⊗ Eˆ12,
+(q2 + q + 1)Eˆ1K
2
1K2 ⊗ Eˆ112 +K31K2 ⊗ Eˆ1112,
∆(Eˆ11212) = Eˆ11212 ⊗ 1 + (q2 + q + 1)Eˆ112Eˆ1K2 ⊗ Eˆ2
+a−1q−2(q2 − q − 1)Eˆ1112K2 ⊗ Eˆ2
+(q2 + q + 1)Eˆ112K1K2 ⊗ Eˆ12 + a−1q−3Eˆ31K21 ⊗ Eˆ22
+(q2 + q + 1)Eˆ21K1K2 ⊗ Eˆ2Eˆ12 + (q2 + q + 1)Eˆ1K21K22 ⊗ Eˆ212
+K31K
2
2 ⊗ Eˆ11212.
For a = (a1, . . . , a6) ∈ Z6≥0, let
Q1(a) :=
E
a1
2 E
a2
12 ((3)
−1
q !E11212)
a3((2)−1q E112)
a4 ((3)−1q !E1112)
a5E
a6
1
(a1)q3 !(a2)q !(a3)q3 !(a4)q !(a5)q3 !(a6)q !
,
Q2(a) := Eˆ
a1
2 Eˆ
a2
12 Eˆ
a3
11212Eˆ
a4
112Eˆ
a5
1112Eˆ
a6
1 .
Then we have
(3.4) ϑχ,π(Q1(a),Υ
χop,π(Q2(b))) = δa,b (a, b ∈ Z6≥0).
By (3.4), {Q1(a)|a ∈ Z6≥0} and {Q2(a)|a ∈ Z6≥0} are K-bases of U(χ, π). Let A´ be
the Z-subalgebra of K generated by q±1 and a±1, i.e., A´ = Z[q±1, a±1]. For t ∈ J1,2,
let gt be the A´-submodules of U
+,♭ with the A´-bases {Qt(a)Kλ|a ∈ Z6≥0, λ ∈ VZ}.
Clearly g2 is a A´-subalgebra of U with ∆(g2) ⊂ g2 ⊗A´ g2. By (2.21) and (3.4), we
see the following.
(3.5)
As a A´-subalgebra of U , g1 is generated by
Exi
(x)qii !
(i ∈ I(= J1,2), x ∈ Z≥0) and Kλ (λ ∈ VZ).
g1 is a Hopf A´-subalgebra of U .
Then g2 is also a Hopf A´-algebra.
Let n := (1, 2, 1, 2, 1, 2) ∈ Iℓ(w◦). Then we have
(3.6)
E¯n;1 = E¯1, F¯n;1 = F¯1(= Υ
χop,π(E¯n;1)),
E¯n;2 =
q˙−312
(3)q !Θ(q−1)3Θ(q3−1)
E1112, F¯n;2 = q˙
3
11Υ
χop,π(E¯n;2),
E¯n;3 =
q˙−212
(2)q !Θ(q3−1)Θ(q−1)2
E112, F¯n;3 = q˙
4
11Υ
χop,π(E¯n;3),
E¯n;4 =
q˙−412
(3)q !Θ(q3−1)2Θ(q−1)3
E11212, F¯n;4 = q˙
6
11Υ
χop,π(E¯n;4),
E¯n;5 =
q˙−112
Θ(q−1)Θ(q3−1)E12, F¯n;5 = q˙
3
11Υ
χop,π(E¯n;5),
E¯n;6 = E¯2, F¯n;6 = F¯2(= Υ
χop,π(E¯n;6)),
where recall that q˙2ij = a. Let n
′ := (2, 1, 2, 1, 2, 1) ∈ Iℓ(w◦). By (2.19) and (3.2), we
have
(3.7) E¯n′;t = Γ
χop,π(E¯n;7−t), F¯n′;t = Γ
χop,π(F¯n;7−t) (t ∈ J1,6).
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Let g¯+ be the A´-subalgebra of U generated by
E¯xi
(x)qii !
(i ∈ I(= J1,2), x ∈ Z≥0)
and Kλ (λ ∈ VZ). Let y2t−1 := q, y2t := q3 for t ∈ J1,3. Let y′t := y7−t for t ∈ J1,6.
By (3.3), (3.5), (3.6) and (3.7), we see the following.
(3.8)
For a bijection σ : J1,6 → J1,6, the elements
E¯
x1
n;σ(1)
(x1)yσ(1) !
· · · E¯
x6
n;σ(6)
(x6)yσ(6) !
Kλ (resp.
E¯
x1
n′;σ(1)
(x1)y′
σ(1)
! · · ·
E¯
x6
n′;σ(6)
(x6)y′
σ(6)
!Kλ)
(xt ∈ Z≥0 (t ∈ J1,6), λ ∈ VZ) form a A´-base of g¯+.
g¯
+ is a Hopf A´-subalgebra of U .
Let g¯− be the A´-subalgebra of U generated by
F¯xi
(x)qii !
(i ∈ I(= J1,2), x ∈ Z≥0)
and Lλ (λ ∈ VZ). By (3.6), (3.7) and (3.8), we see the following.
(3.9)
For a bijection σ : J1,6 → J1,6, the elements
F¯
x1
n;σ(1)
(x1)yσ(1) !
· · · F¯
x6
n;σ(6)
(x6)yσ(6) !
Lλ (resp.
F¯
x1
n′;σ(1)
(x1)y′
σ(1)
! · · ·
F¯
x6
n′;σ(6)
(x6)y′
σ(6)
!Lλ)
(xt ∈ Z≥0 (t ∈ J1,6), λ ∈ VZ) form a A´-base of g¯−.
g¯
− is a Hopf A´-subalgebra of U .
3.3. General case. Let A be the Z-subalgebra of K generated by q˙±1ij for all
i, j ∈ I. n = (n1, . . . , nℓ(w◦)) ∈ Iℓ(w◦) be as in Subsection 3.1. Let π0 := π and
πt := τ
χ
nt
· · · τχn1π (t ∈ J1,ℓ(w◦)). For t ∈ J1,κ and x ∈ Z≥0, let
E¯
(x)
n;t :=
E¯xn;t
(x)χ(πt−1(nt),πt−1(nt))!
, F¯
(x)
n;t :=
F¯ xn;t
(x)χ(πt−1(nt),πt−1(nt))!
.
Let U+
A
(resp. U−
A
) be the A-subalgebra of U+ (resp. U−) generated by
E¯xi
(x)qii !
(resp.
F¯xi
(x)qii !
) with i ∈ I and x ∈ Z≥0.
Theorem 3.2. Let σ : J1,ℓ(w◦) → J1,ℓ(w◦) be a bijection.
(1) The elements
(3.10) E¯
(x1)
n;σ(1) · · · E¯
(xℓ(w◦))
n:σ(ℓ(w◦))
with xt ∈ Z≥0 (t ∈ J1,ℓ(w◦))
form an A-base for U+
A
.
(2) The elements
(3.11) F¯
(x1)
n;σ(1) · · · F¯
(xℓ(w◦))
n:σ(ℓ(w◦))
with xt ∈ Z≥0 (t ∈ J1,ℓ(w◦))
form an A-base for U−
A
.
Proof. We only prove (1), as (2) can be proved similarly or obtained from (1)
via Chevalley isomorphism. If |I| = 1, the claim is clear.
If |I| = 2 and A is of type G2, the result is obtained in (3.8) and (3.9). For
other rank two types, the claim can be proved in a similar and in fact easier way.
Let us consider the higher rank cases. Let Z be the free A-submodule of U+
with the free A-basis formed by the elements of (3.10) (for σ := idJ1,ℓ(w◦) , see The-
orem 3.1 (1)). By an argument similar to [11, Proposition 8.20] and by the claim
for rank-two cases, we see that E¯
(x)
n;t ∈ U+A , so Z ⊆ U+A . Now by (3.1), we have
Z = U+
A
. Thus the claim follows from (3.3). ✷
For k, r ∈ Z≥0 and x ∈ K× with (k+r)x! 6= 0, let
(
k
r
)
x
:= (k+r)x!(k)x!(r)x! . For x ∈ K×
with xb 6= 1 for all b ∈ N and for X , Y ∈ U0, l ∈ Z and p ∈ Z≥0, let[
X,Y, l
p
]
x
:=
p∏
t=1
xl−t+1X − Y
xt − 1 .
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Then we have[
X,Y, l
p
]
x
−
[
X,Y, l+ 1
p
]
x
= −xl−p+1
[
X,Y, l
p− 1
]
x
X,[
X,Y, 0
l
]
x
[
X,Y,−l
p
]
x
=
(
p+l
p
)
x
[
X,Y, 0
p+ l
]
x
.
Let U0
A
be the A-subalgebra generated byKλLµ (λ, µ ∈ VZ) and
[
Kπ(i), Lπ(i), l
p
]
qii
(i ∈ I, l ∈ Z, p ∈ Z≥0). By a standard argument, we have the following two lemmas.
Lemma 3.3. The elements∏
i∈I
Kxiπ(i)(Kπ(i)Lπ(i))
yi
[
Kπ(i), Lπ(i), 0
zi
]
qii
(xi ∈ Z0,1, yi ∈ Z, zi ∈ Z≥0)
form an A-base of U0
A
.
Let UA be the A-subalgebra of U generated by U
+
A
and U−
A
.
Lemma 3.4. We have U0
A
⊂ UA, and we have the A-module isomorphism
mA : U
−
A
⊗A U0A ⊗A U+A −→ UA
given by mA(X ⊗ Y ⊗ Z) := XY Z.
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